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V0446 ;6 Vwrfnkrop +Vzhghq,
Devwudfw
Zh whvw lq wkh oderudwru| wkh srwhqwldo ri hyroxwlrqdu| g|qdplfv dv suhglfwru ri dfwxdo
ehkdylru1 Wr wklv hqg/ zh sursrvh dq dv|pphwulf jdph 0zklfk zh lqwhusuhw dv d eruurzhu0
ohqghu uhodwlrq0/ vwxg| lwv hyroxwlrqdu| g|qdplfv lq d udqgrp pdwfklqj vhw0xs/ dqg whvw lwv
suhglfwlrqv1 Wkh prgho surylghv frqglwlrqv iru wkh h{lvwhqfh ri fuhglw pdunhwv dqg fuhglw
f|fohv1 Wkh wkhruhwlfdo suhglfwlrqv vhhp wr eh jrrg dssur{lpdwlrqv ri wkh h{shulphqwdo
uhvxowv1
MHO fodvvl￿fdwlrq= F:> F<> H61
Nh|zrugv= F|fohv/ hyroxwlrqdu| g|qdplfv/ jdphv/ h{shulphqwv1
54 Lqwurgxfwlrq
Hyroxwlrqdu| jdph wkhru| kdv ehhq d krw wrslf ri uhvhdufk lq uhfhqw |hduv dqg dq lpsruwdqw
erg| ri uhvxowv lv qrz dydlodeoh +vhh/ h1j1 Zhlexoo +4<<8,, 1 \hw/ h{shulphqwdo hylghqfh derxw wkh
uhohydqfh ri wkh xvh ri hyroxwlrqdu| g|qdplfv lq uhdo zruog hfrqrplf vlwxdwlrqv lv vwloo olplwhg
+vhh/ h1j1/ Iulhgpdq +4<<9,,1 Wklv sdshu vwxglhv wkhruhwlfdoo|/ dqg whvwv h{shulphqwdoo|/ wkh
hyroxwlrqdu| g|qdplfv ri d wzr0srsxodwlrq dv|pphwulf jdph zklfk lv lqwhusuhwhg dv d prgho ri
eruurzhu0ohqghu uhodwlrqv1
Lq rxu prgho srwhqwldo eruurzhuv dqg ohqghuv 0zkr nqrz qrwklqj derxw hdfk rwkhu*v klvwru|0
duh udqgrpo| pdwfkhg1 Ohqghuv fkrrvh wr judqw d ordq ru wr lqyhvw lq d vdih dvvhw1 Li eruurzhuv
uhfhlyh d ordq wkh| lqyhvw lw lq d surmhfw dqg ghflgh zkhwkhu wr h{huw h￿ruw1 H￿ruw/ zklfk lv
qrw frqwudfwleoh/ srvlwlyho| d￿hfwv wkh suredelolw| ri vxffhvv ri wkh surmhfw1 Ohqghuv fdq ghwhfw
vklunlqj dqg hqirufh lwv sxqlvkphqw/ exw rqo| li wkh| hqjdjh lq d frvwo| prqlwrulqj surfhvv1 Li
ohqghuv ghflghg wr prqlwru doo surmhfwv/ wkh eruurzhuv* sd|r￿ zrxog eh pd{lpl}hg e| h{huwlqj
h￿ruw/ vlqfh vklunlqj zrxog fhuwdlqo| eh ghwhfwhg dqg shqdol}hg1 Krzhyhu li qr eruurzhu vklunhg/
ohqghuv zrxog pd{lpl}h sur￿wv e| qrw prqlwrulqj dq| ordq1
Wkh prgho kdv wzr vhwv ri Qdvk htxloleuld1 Rqh htxloleulxp fkdudfwhul}hg e| d pl{wxuh ri
jrrg dqg edg ehkdylru rq wkh eruurzhuv* vlgh/ dqg zlwk ohqghuv udqgrpo| prqlwrulqj d srvlwlyh
sursruwlrq ri wkh ordqv judqwhg1 Wklv htxloleulxp ghvfulehv d ixoo| ghyhorshg fuhglw pdunhw vlqfh/
lq wklv fdvh/ doo pdwfkhv ehwzhhq eruurzhuv dqg ohqghuv uhvxow lq d fuhglw uhodwlrq1 Wkh rwkhu
htxloleulxp +ru/ pruh h{dfwo|/ vhw ri htxloleuld, lv fkdudfwhul}hg e| frpsohwh c￿qdqfldo froodsvh*1
Zkhq ohqghuv h{shfw wr ￿qg pdq| edg eruurzhuv wkh| suhihu wr lqyhvw lq wkh vdih dvvhw dqg gr
qrw judqw dq| ordqv1 Li wkh sursruwlrq ri eruurzhuv zkr zrxog fkhdw 0vkrxog wkh| uhfhlyh d ordq0
lv odujh hqrxjk/ wkh ohqghuv ehkdyh rswlpdoo| e| qrw ohqglqj1
Wkh pdlq irfxv ri wkh wkhru| lv wkh fkdudfwhul}dwlrq ri wkh g|qdplfv xqghu wkh dvvxpswlrq
wkdw djhqwv iroorz dq dgdswlyh ehkdylru1 Zh dvvxph wkdw lqglylgxdov iurp odujh srsxodwlrqv
+eruurzhuv dqg ohqghuv, duh udqgrpo| pdwfkhg wr sod| uhshdwhgo| d rqh0vkrw jdph uhsuhvhqwlqj
wkh fuhglw uhodwlrq mxvw ghvfulehg1 Lq wklv iudphzrun/ Qdvk htxloleuld duh ylhzhg dv vwdwlrqdu|
srlqwv ri g|qdplf surfhvvhv uhsuhvhqwlqj vrph nlqg ri hyroxwlrqdu| dgdswdwlrq1 Zh vkdoo dvvxph
yhu| jhqhudo g|qdplfv zkrvh rqo| uhtxluhphqw lv wkdw vwudwhjlhv zlwk kljkhu sd|r￿v jurz uhodwlyh
wr wkrvh zlwk orzhu sd|r￿v1 Wkhvh ￿sd|r￿ prqrwrqlf g|qdplfv￿ fdq eh rewdlqhg iurp prghov
6ri lplwdwlrq dqg ohduqlqj/ zlwk lqglylgxdov uhylvlqj wkhlu vwudwhjlhv lq wkh oljkw ri wkh gl￿huhqw
vwudwhjlhv* uhodwlyh sd|r￿v1
Lq wkh suhvhqfh ri wklv dgdswlyh ehkdylrudo uxoh/ f|folfdo sdwwhuqv ri fuhglw dqg h￿ruw duh
dq lqwulqvlf ihdwxuh ri wkh lpsxovh0uhvsrqvh ixqfwlrq ri dq hfrqrp| vxemhfwhg wr vkrfnv1 Lq
sduwlfxodu/ zkhq d vkrfn klwv wkh hfrqrp|/ uhgxflqj wkh suredelolw| ri vxffhvvixo lqyhvwphqwv/
srwhqwldo ohqghuv ehfrph lqfuhdvlqjo| cvfduhg* dw wkh jurzlqj qxpehu ri ghidxowv zklfk wkh|
revhuyh dqg vwduw vzlwfklqj rxw ri ordqv lqwr vdihu lqyhvwphqwv1 Dv d uhvxow/ wkh hfrqrp| lv
whpsrudulo| gulyhq dzd| iurp wkh jrrg dqg wrzdugv wkh edg htxloleulxp1 Krzhyhu/ ehiruh wkh
frpsohwh ￿qdqfldo froodsvh lv uhdfkhg/ judqwlqj fuhglw wr eruurzhuv pd| wxuq djdlq sur￿wdeoh
dqg wkh hfrqrp| vwduwv uhyhuwlqj wrzdugv wkh jrrg htxloleulxp lq zklfk doo dssolfdwlrqv iru d
ordq duh vdwlv￿hg1 Wklv h{sodqdwlrq ri wkh fuhglw f|fohv uholhv rq wkh dvvxpswlrq wkdw djhqwv duh
qrw ixoo| udwlrqdo1 Li djhqwv sod|hg Qdvk htxloleulxp vwudwhjlhv dw dq| prphqw lq wlph/ zh frxog
rqo| revhuyh hlwkhu d ixoo| dfwlyh ru d plvvlqj fuhglw pdunhw1 Exw dv rxw0ri0htxloleulxp ehkdylru
lv sduw ri wkh dfwxdo sod|/ wkh f|fohv ghvfuleh wkh g|qdplf ehkdylru ri srsxodwlrqv zkr ohduq
wkhlu zd| wr htxloleulxp wkurxjk lwhudwlyh sod|1
Wkh g|qdplfv srvwxodwhg lq wkh sdshu suhglfw wkh h{lvwhqfh ri wzr devruelqj vhwv= l, wkh
vhw ri Qdvk htxloleuld zlwk fuhglw froodsvh dqg ll, wkh vhw ri vwdwhv zlwk d ixoo| ghyhorshg fuhglw
pdunhw zklfk frqwdlqv wkh +pl{hg, Qdvk htxloleulxp ghvfulehg deryh1 Wkh prgho dovr jlyhv
h{dfw suhglfwlrqv ri zkhq fuhglw fuxqfkhv zloo wdnh sodfh1 Zh uxq wkh h{shulphqw lq rughu
wr glvfulplqdwh ehwzhhq wkh wzr devruelqj vhwv/ wr whvw zkhwkhu Qdvk htxloleulxp lv d jrrg
suhglfwru ri ehkdylru dqg wr whvw zkhwkhu fuhglw fuxqfkhv rffxu dv suhglfwhg e| wkh prgho1
Wkh h{shulphqw fohduo| uxohv rxw wkh fuhglw froodsvh vhw ri htxloleuld/ dqg/ lq prvw fdvhv/
vkrzv frqyhujhqfh wr wkh devruelqj vhw zlwk ixoo fuhglw dydlodelolw|1 Wkh h{shulphqw dovr vkrzv
wkdw Qdvk htxloleulxp lv qrw d jrrg suhglfwru ri dyhudjh ehkdylrxu1 Wklv odvw uhvxowv frqwudglfwv
qhlwkhu rxu wkhruhwlfdo prgho/ vlqfh frqyhujhqfh wr wkh pl{hg Qdvk htxloleulxp lv qrw jxdudqwhhg
xqghu jhqhudo prqrwrqlf g|qdplfv/ qru rwkhu h{shulphqwdo uhvxowv zklfk vkrz wkh gl!fxow| lq
rewdlqlqj frqyhujhqfh wr pl{hg htxloleuld lq wzr srsxodwlrqv jdphv +vhh Iulhgpdq +4<<9,,1
Ilqdoo|/ wkh h{shulphqw vkrzv wkdw fuhglw f|fohv gr rffxu dv suhglfwhg e| wkh prgho1
Rxu dqdo|vlv uhodwhv wr ydulrxv vwuhdpv ri olwhudwxuh1 Wkh hphujhqfh ri shulrglfdo hslvrghv ri
fuhglw udwlrqlqj dqg wkhlu h￿hfwv rq wkh djjuhjdwh hfrqrplf dfwlylw| kdyh ehhq zlgho| glvfxvvhg
lq wkh pdfurhfrqrplf olwhudwxuh1 Vrph h{sodqdwlrqv dwwulexwh wkh hphujhqfh ri fuhglw f|fohv wr
7fkdqjhv lq wkh ydoxh ri qhw zruwk dqg froodwhudov lq wkh kdqg ri wkh eruurzhuv1 Lq Ehuqdqnh
dqg Jhuwohu +4<;<, whpsrudu| vkrfnv wr qhw zruwk kdyh shuvlvwhqw h￿hfwv rq wkh hfrqrp|
gxh wr ￿qdqfldo pdunhw lpshuihfwlrqv1 Nl|rwdnl dqg Prruh +4<<:, rewdlq hqgrjhqrxv fuhglw
f|fohv lq d g|qdplf prgho zkhuh eruurzhuv* fuhglw olplwv duh d￿hfwhg e| wkh sulfh ri wkhlu
froodwhul}deoh dvvhwv +odqg,1 Wkh lqwhudfwlrq ehwzhhq dvvhw sulfhv dqg dvvhw olplwv dfwv dv d
sursdjdwlrq phfkdqlvp wkurxjk zklfk wkh lqlwldo vkrfn lq rqh vhfwru lv dpsol￿hg dqg wudqvplwwhg
wr wkh uhvw ri wkh hfrqrp|1 Gl￿huhqwo| iurp wkhvh prgho/ lq rxu jdph0wkhruhwlfdo prgho/ f|fohv
ri fuhglw hphujh iurp vlpsoh hyroxwlrqdu| g|qdplfv14
Wkh sdshu lv rujdql}hg dv iroorzv= Lq vhfwlrq 5 zh ghvfuleh wkh prgho/ fkdudfwhul}h wkh
htxloleuld dqg vwxg| wkh g|qdplfv ri wkh hfrqrp|1 Lq vhfwlrq 6 zh ghvfuleh wkh h{shulphqwdo
vhw0xs dqg wkh gl￿huhqw wuhdwphqwv ri wkh h{shulphqw1 Lq vhfwlrq 7 zh suhvhqw wkh uhvxowv ri wkh
h{shulphqw dqg whvw wkh suhglfwlrqv ri wkh prgho1 Vhfwlrq 8 frqfoxghv1
5P r g h o
Zh frqvlghu d vw|ol}hg hfrqrp| lq zklfk doo djhqwv duh ulvn0qhxwudo1 Wkhuh h{lvwv d vdih dvvhw
lq wkh hfrqrp| wkdw hduqv dq h{rjhqrxvo| jlyhq lqwhuhvw udwh1 Doo srwhqwldo lqyhvwruv qhhg wr
eruurz d ￿{hg dprxqw ri prqh| Z wr ￿qdqfh d surmhfw dqg kdyh qr froodwhudo1 Eruurzhuv pd|
hlwkhu h{huw h￿ruw/ ru vklun1 Hdfk surmhfw fdq kdyh wzr rxwfrphv +vwdwhv,= jrrg ru edg/d q g
rxwfrphv duh sxeolfo| revhuydeoh dw wkh hqg ri hdfk shulrg1 H￿ruw lqfuhdvhv wkh suredelolw|
wkdw dq lqyhvwphqw lv vxffhvvixo dqg kdv d jrrg rxwfrph1 Lq wkh jrrg vwdwh wkh lqyhvwphqw lv
vxffhvvixo dqg wkh eruurzhu jhwv uhyhqxh KAZ / fdqfhov wkh ghew zlwk wkh djuhhg sd|phqw U
dqg hduqv d qhw sur￿w/ zkhuhdv lq wkh edg vwdwh wkh eruurzhu jhwv qrwklqj dqg fdqqrw uhsd| wkh
4D vkruwfrplqj ri rxu rqh0vkrw vhw0xs lv wkdw lw idlov wr fdswxuh wkh orqj0whup qdwxuh zklfk w|slfdoo| fkdu0
dfwhul}h eruurzhu0ohqghu uhodwlrqv1 Zh wklqn wkdw rxu prgho fdq eh uhjdughg dv d ghvfulswlrq ri wkh lqkhuhqwo|
ulvn| pdunhw iru ordqv wr qhz lqyhvwruv dqg vpdoo ￿upv/ zkrvh dffhvv wr wkh fuhglw pdunhw lv vsrudglf dqg uhvxow
lq xquholdeoh lqirupdwlrq derxw wkhlu sdvw ehkdylru1 Ehuqdqnh +4<;6,/ iru lqvwdqfh/ revhuyhv wkdw wklv vhjphqw ri
wkh pdunhw zdv vljql￿fdqw dqg lpsruwdqw gxulqj wkh Juhdw Ghsuhvvlrq1 Lq wkdw shulrg/ fxvwrphu uhodwlrqv zhuh
dovr zhdnhqhg e| wkh idfw wkdw pdq| eruurzhuv zhuh vhsdudwhg iurp wkhlu edqnv zkhq wkhvh zhuh irufhg wr forvh1
Wklv fdxvhg d frqvlghudeoh dprxqw ri eruurzhuv wr dvn iru fuhglwv lq edqnv wkdw zhuh qhz wr wkhp1 Wkhuh lv
hylghqfh wkdw fuhglw udwlrqlqj zdv sduwlfxoduo| vljql￿fdqw wr wkhvh vhjphqwv ri wkh pdunhw1
8ghew15 Ohw ￿ dqg +￿.￿, eh wkh suredelolwlhv ri jrrg vwdwh zlwkrxw dqg zlwk h￿ruw/ uhvshfwlyho|
dqg ohw h eh wkh glvxwlolw| ri wkh h￿ruw1 Ohqghuv fdq ghflgh wr judqw d ordq ri vl}h Z ru wr lqyhvw
wkh vdph dprxqw ri prqh| lq d vdih dvvhw zklfk |lhogv d jurvv uhwxuq u= Pruhryhu/ ohqghuv duh
hqwlwohg wr lqwhulp prqlwru eruurzhu*v dfwlylw|1 E| prqlwrulqj/ wkh ohqghu zloo eh deoh wr revhuyh
wkh h￿ruw h{huwhg e| wkh lqyhvwru1 Li kh ghwhfwv fkhdwlqj/ wkh ohqghu dvnv iru klv prqh| edfn
+zlwkrxw hduqlqj lqwhuhvw, dqg wkh eruurzhu lv oldeoh wr ohjdo survhfxwlrq/ zlwk d qrq0shfxqldu|
xwlolw| orvv i1 Li qr fkhdwlqj lv ghwhfwhg wkh surmhfw fdq frqwlqxh1 Krzhyhu/ prqlwrulqj hqwdlov







































































H￿ruw Vklun H￿ruw Vklun
Iljxuh 4= Eruurzhu0Ohqghu Jdph
Iljxuh 4 lv wkh h{whqvlyh irup uhsuhvhqwdwlrq ri wkh vlwxdwlrq ghvfulehg deryh1
Wkh ohqghu/ wkhuhiruh/ ghflghv zkhwkhu wr lqyhvw lq d vdih dvvhw +VD,r uw rj u d q wdordq +O,1
Li wkh ordq lv judqwhg/ wkh ohqghu fkrrvhv ehwzhhq qr prqlwrulqj +QP,d q gprqlwrulqj +P,1
Revhuyh wkdw wkh ohqghu kdv irxu sxuh vwudwhjlhv= +VD>QP,/ +VD>P,/ +O>QP, dqg +O>P,1
5Zh zloo wuhdw - dv h{rjhqrxv/ dowkrxjk wklv fdq eh uhjdughg dv wkh rxwfrph ri d pruh frpsolfdwhg frqwudfwxdo
uhodwlrq1 Lq sduwlfxodu/ zh lpsolflwo| dvvxph wkdw wkhuh lv qr htxloleulxp ydoxh ri - wkdw pdnhv wkh eruurzhu*v
fkrlfh lqfhqwlyh frpsdwleoh/ l1h1 wkdw lqgxfhv wkh eruurzhu wr h{huw h￿ruw/ zkloh jlylqj wkh ohqghu d kljkhu h{shfwhg
sd|r￿ wkdq wkdw zduudqwhg e| lqyhvwlqj lq wkh vdih dvvhw1
9Wkh eruurzhu ghflghv hlwkhu wr h{huw h￿ruw +H,r uw rvklun +V,1 Wkh lqwhusuhwdwlrq ri hdfk
sd|r￿ sdlu lv vwudljkwiruzdug1 Iru h{dpsoh/ vwudwhj| +O>QP, pdwfkhg zlwk vwudwhj| H jlyhv
dq h{shfwhg sd|r￿ ri +￿.￿,U wr ohqghuv +wkh suredelolw| ri vxffhvv iru d krqhvw eruurzhu wlphv
wkh sd|phqw djuhhg lq wkh fdvh ri vxffhvv, dqg +￿.￿,+K ￿U,￿h wr eruurzhuv +wkh suredelolw|
ri vxffhvv zkhq h￿ruw lv h{huwhg wlphv wkh qhw sur￿w plqxv wkh h￿ruw frvw,1 Wkh txdqwlw| x
uhsuhvhqwv wkh xwlolw| wr eruurzhuv iurp vklunlqj1 Wkh txdqwlw| i uhsuhvhqwv wkh glvxwlolw| iurp
wkh survhfxwlrq lq wkh fdvh ri ehlqj fdxjkw zkhq vklunlqj1
HV
VD u>3 u>3
QP +￿.￿,U>+￿ . ￿,+K ￿ U, ￿ h ￿U>￿U.x
P +￿ .￿,U￿f>+￿ . ￿,+K ￿ U, ￿ h Z ￿ f>i
Iljxuh 5= Qrupdo irup jdph
Iljxuh 5 lv wkh qrupdo irup ri wkh eruurzhu0ohqghu jdph1 Vlqfh wkh vwudwhjlhv +VD>QP,dqg
+VD>P, duh ehkdylrudoo| lqglvwlqjxlvkdeoh/ zh zloo uhihu wr erwk ri wkhp zlwk wkh vdph odeho
VD1 Iru qrwdwlrqdo vlpsolflw| zh zloo uhodeho +O>QP, dqg +O>P, dv QP dqg P/ uhvshfwlyho|1
514 Htxloleuld
Ohw xv dvvxph wkdw sod|huv fdq udqgrpl}h ryhu sxuh vwudwhjlhv1 Ohw V￿ eh sod|hu*v l vwudw0
hj| vsdfh dqg ohw mV￿m eh lwv fduglqdolw|1 Lq wkh eruurzhu0ohqghu jdph wkh vwudwhj| vsdfhv duh
V￿ @ iVD>QP>Pj dqg V2 @ iH>Vj1 Sod|hu l*v pl{hg vwudwhj| {￿ lv d yhfwru zklfk ehorqjv wr
wkh mV￿m￿4glphqvlrqdo suredelolw| vlpsoh{ ￿￿>






zkhuh {￿￿ lv wkh suredelolw| dvvljqhg e| {￿ wr wkh sod|hu*v kwk vwudwhj|1
Ohw {￿￿/ {￿2 dqg {￿￿ eh wkh suredelolwlhv dvvljqhg e| d ohqghu wr vwudwhjlhv VD/ QP dqg
P/ uhvshfwlyho|1 Wkh yhfwru {￿ @+ { ￿￿>{ ￿2>{ ￿￿, lv d ohqghu*v pl{hg vwudwhj|1 Qrwlfh wkdw
{￿￿ @4￿{ ￿￿ ￿ {￿21 Ohw {2￿ dqg {22 eh wkh suredelolwlhv dvvljqhg wr wkh vwudwhjlhv H dqg V e|
d eruurzhu1 Klv pl{hg vwudwhj| lv ghvfulehg e| d yhfwru {2 @+ { 2￿>{ 22, zlwk {22 @4￿{ 2￿1D
pl{hg vwudwhj| sur￿oh lv d yhfwru { @+ { ￿>{ 2,lq wkh pl{hg vwudwhj| vsdfh ￿@￿ ￿￿￿ 21W k h
:vhw ￿ lv d 60glphqvlrqdo sro|khgurq lq UD1 Zh vkdoo ghvfuleh d pl{hg vwudwhj| sur￿oh e| wkh
yhfwru { @+ { ￿￿>{ ￿2>{ 2￿,1
Zh dvvxph wkdw sd|r￿v vdwlvi| wkh iroorzlqj frqglwlrqv=
+f14, +￿ . ￿,U ￿ fAuAZ￿fA￿ U 1
+f15, +Z ￿ f ￿ ￿U,++￿ . ￿,U ￿ Z, A +u ￿ +Z ￿ f,,+Z ￿ ￿U,1
+f16, +￿ . ￿,+K ￿ U, ￿ hAi1
+f17, ￿+K ￿ U, ￿ h?x 1
Frqglwlrq +f=4, jxdudqwhhv wkdw zkhq wkh eruurzhu h{huwv h￿ruw/ wkh ohqghu*v prvw sur￿wdeoh
vwudwhj| lv QP iroorzhg e| P dqg VD/ zkhuhdv zkhq wkh eruurzhu vklunv wkh rughulqj lv
vwulfwo| uhyhuvhg1 Frqglwlrqv +f=4, dqg +f=5, wrjhwkhu jxdudqwhh wkdw hyhu| vwudwhj| lq V￿ lv
d vwulfw ehvw0uhso| iru vrph ydoxhv ri {2￿1 Frqglwlrq +f=6, jxdudqwhhv wkdw/ zkhq wkh ohqghu
prqlwruv/ h{huwlqj h￿ruw lv wkh ehvw0uhso| iru wkh eruurzhu1 Frqglwlrq +f=7, jxdudqwhhv wkdw/
zkhq wkh ohqghu grhvq*w prqlwru/ wr vklun lv wkh ehvw0uhso| iru wkh eruurzhu1 Qrwlfh wkdw wkh
rswlpdo vwudwhj| ri wkh eruurzhuv ghshqgv rqo| rq wkh udwlr ri qrq prqlwruhg ordqv ryhu wrwdo
ordqv/ {￿2@+4 ￿ {￿￿, ￿ ￿ {￿2/ vlqfh wkh sd|r￿ wr H dqg V lv wkh vdph zkhq wkh ohqghuv lqyhvw lq
wkh vdih dvvhw1
Li sd|r￿v vdwlvi| frqglwlrqv+f=4,0+f=7,/ wkh Eruurzhu0Ohqghu Jdph kdv d vhw ri Qdvk htxloleuld
zlwk wzr frpsrqhqwv/













￿2 5 +3>4, e| frqglwlrq +f=7,/ {W
2￿ 5 +3>4,/ ￿{W
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+ll, D vhw F @ i+{￿>{ 2,5￿ ￿￿￿ 2 ={ ￿￿ @4dqg {2￿ ￿ a {2￿j zkhuh
a {2￿ @
u ￿ +Z ￿ f,
+￿ . ￿,U ￿ Z
+5,
a {2￿ 5 +3>4, e| frqglwlrq +f=4,/ ￿a {2￿@￿￿ ? 3 dqg ￿a {2￿@￿￿ ? 31
;Lw lv lpsruwdqw wr qrwlfh wkdw VD lv wkh ohqghuv* ehvw vwudwhj| zkhq wkh sursruwlrq ri eru0
urzhuv zkr h{huw h￿ruw lv ehorz a {2￿= Wklv fulwlfdo wkuhvkrog zloo sod| d fuxfldo uroh lq rxu fkdudf0
whul}dwlrq ri wkh g|qdplfv/ vlqfh lw zloo doorz xv wr ghwhuplqh wkh frqglwlrqv xqghu zklfk fuhglw
f|fohv zloo hphujh1
Wkh pl{hg htxloleulxp/ zklfk lv vxejdph shuihfw/ fruuhvsrqgv wr wkh h{lvwhqfh ri fuhglw1
Doo htxloleuld lq F lpso| qr fuhglw1 Xqghu rxu uhvwulfwlrqv rq wkh sd|r￿v/ dq| htxloleulxp
ehorqjlqj wr F> zklfk fruuhvsrqgv wr wkh devhqfh ri fuhglw/ lv Sduhwr grplqdwhg e| wkh vlqjohwrq
htxloleulxp1
Wkh sureohp ri wkh h{lvwhqfh ri fuhglw wkhuhiruh uhgxfhv wr vwxg|lqj dq htxloleulxp vhohfwlrq
sureohp lq jdph wkhru|1 Lq wkh iroorzlqj vhfwlrq zh iroorz dq hyroxwlrqdu| dssurdfk1
515 G|qdplfv
Udwkhu wkdq dvvxplqj wkdw zh kdyh wzr sod|huv udqgrpl}lqj ryhu sxuh vwudwhjlhv/ zh dvvxph
wkdw wkhuh duh wzr odujh srsxodwlrqv ri erxqghgo| udwlrqdo sod|huv/ sod|lqj sxuh vwudwhjlhv/ zklfk
duh udqgrpo| pdwfkhg1 Lq wklv ylhz d pl{hg vwudwhj| lq srsxodwlrq l lv d srsxodwlrq sur￿oh
{￿ 5 ￿￿ zlwk {￿￿ ￿ 3 ghqrwlqj wkh uhodwlyh iuhtxhqf| ri wkh kwk sxuh vwudwhj| lq srsxodwlrq l1
Zh dvvxph d yhu| jhqhudo w|sh ri frqwlqxrxv g|qdplfv/ sd|r￿ prqrwrqlf/ zklfk hqvxuh wkdw
pruh sur￿wdeoh vwudwhjlhv lqfuhdvh uhodwlyh wr ohvv sur￿wdeoh vwudwhjlhv1 Wklv w|sh ri g|qdplfv fdq
eh rewdlqhg iurp prghov ri lplwdwlrq dqg ohduqlqj +Iulhgpdq +4<<5, dqg Zhlexoo +4<<8,,1 Zh
frxog dvvxph/ iru lqvwdqfh/ wkdw sod|huv fdq revhuyh d vdpsoh ri frqwhpsrudqhrxv lqwhudfwlrqv
dqg lplwdwh pruh sur￿wdeoh vwudwhjlhv1 Ohqghuv frxog phhw dqg wdon derxw exvlqhvvhv/ dqg
eruurzhuv whoo hdfk rwkhu wkhlu fuhglw h{shulhqfhv1
Zh ghvfuleh hyroxwlrq ri wkh vwdwh ri wkh hfrqrp|/ +{￿￿>{ ￿2>{ 2￿,/ e| d v|vwhp ri gl￿huhqwldo
htxdwlrqv +wlph lqglfhv vxssuhvvhg,
b {￿￿ @ {￿￿j￿￿+{, ;l 5i 4 >5 j >k5V ￿>{5￿ ￿ ￿
zkhuh j￿￿ lv wkh jurzwk udwh ri sxuh vwudwhj| k lq srsxodwlrq l16 Xqghu wkhvh g|qdplfv/ erwk ￿
dqg lwv lqwhulru lqw+￿, duh lqyduldqw dqg h{wlqfw vwudwhjlhv vwd| h{wlqfw iruhyhu1
6Zh dvvxph/ dv lw lv vwdqgdug/ wkdw l, j lv Olsvfklw} frqwlqxrxv rq { dqg ll,
S
￿M7l ￿ %￿￿ ’
S
￿M7l %￿￿}￿￿E%￿’
f c ￿ ￿Mt ￿ c2 ￿ c%Mf { ￿￿H{lvwhqfh dqg xqltxhqhvv ri d vroxwlrq lv jxdudqwhhg e| wkh Slfdug0Olqghoi wkhruhp1
<Xqghu sd|r￿ prqrwrqlf g|qdplfv/
￿￿￿+{, A￿ ￿&+{, +, j ￿￿+{, Aj ￿&+{, +6,
iru doo k>n 5 vxssi{￿j> zkhuh ￿￿￿+{, lv wkh h{shfwhg sd|r￿ wr d sod|hu iurp srsxodwlrq l zkr
hpsor|v vwudwhj| k lq vwdwh {1 Qrwlfh wkdw wkh ruglqdo uhodwlrqvkls dssolhv rqo| wr qrqh{wlqfw
vwudwhjlhv> iru h{wlqfw vwudwhjlhv j￿￿+{,@3 1
Vlqfh vhyhudo vwudwhjlhv zloo frh{lvw dw dq| wlph/ lqfoxglqj vwudwhjlhv zklfk duh qrw fxuuhqw
ehvw￿uhsolhv dqg djhqwv duh udqgrpo| pdwfkhg/ wkh h{shfwhg sd|r￿ wr hdfk vwudwhj| zloo ghshqg
rq wkh suredelolw| ri pdwfklqj zlwk hdfk ri wkh vwudwhjlhv sod|hg e| wkh rssrqhqw srsxodwlrq1
Lq d zruog zlwk pdq| krqhvw eruurzhuv/ wr ohqg zlwkrxw prqlwrulqj lv olnho| wr eh d vxffhvvixo
vwudwhj|1 Lq d zruog zlwk doprvw doo glvkrqhvw eruurzhuv wkh ehvw rqh fdq gr lv wr lqyhvw lq wkh
vdih dvvhw1 Wkh vwdwh vsdfh/ zlwk wkh Qdvk htxloleulxp frpsrqhqwv/ lv uhsuhvhqwhg lq Iljxuh
61 Wkh vwdwhv zkhuh wkh fuhglw pdunhw lv ixoo| ghyhorshg +{￿￿ @3 ,f r u u h v s r q gw rw k h r r ur i
wkh sro|khgurq/ zklfk frqwdlqv wkh pl{hg htxloleulxp1 Wkh vhw ri Qdvk htxloleuld zlwk fuhglw
froodsvh lv wkh wklfn vhjphqw/ F/ rq wkh hgjh zkhuh {￿￿ @4 1 Wkh duurzv dorqj wkh hgjhv ri wkh
sro|khgurq vkrz wkh dvvrfldwhg gluhfwlrqv ri wkh yhfwru ￿hog iru dq| prqrwrqlf g|qdplfv1 Zh






























Iljxuh 6= Vwdwh vsdfh dqg htxloleuld1
Lq rughu wr fkdudfwhul}h wkh g|qdplfv zh qhhg wr vwxg| wkh vwdelolw| surshuwlhv ri wkh de0
vruelqj vhwv ri wkh v|vwhp1 Zh dvvxph wkdw vrph sod|huv wuhpeoh/ pxwdwh ru h{shulphqw1 Dowhu0
qdwlyho| zh frxog dvvxph wkdw qhz sod|huv/ zkr nqrz qrwklqj derxw wkh hfrqrp|/ frph dorqj
dqg sod| duelwudu| vwudwhjlhv1 Wkh wuhpeohv* uroh lv wr uhvxuuhfw h{wlqfw vwudwhjlhv dqg wr shuwxue
43wkh uhvw srlqwv ri wkh g|qdplfv1 Ohppdwd 4 dqg 5 lq wkh dsshqgl{ fkdudfwhul}h wkh g|qdplf
surshuwlhv ri vhw F dqg ri wkh idfh ri wkh sro|khgurq I @ i{ 5 ￿={ ￿￿ @3 j / zklfk frqwdlqv wkh
pl{hg htxloleulxp1 Ohppd 4 vkrzv wkdw pxwdwlrqv zklfk duh lqwhqvlyh hqrxjk lq prqlwruhg
ordqv zloo gulyh wkh vwdwh ri wkh v|vwhp rxw ri wkh vhw ri fuhglw froodsvh htxloleuld
Xqghu sd|r￿ prqrwrqlf g|qdplfv/ wkh ehkdylru lq wkh idfh I/ zkhq wkhuh duh qr pxwdwlrqv
ru h{shulphqwdwlrq/ fdq eh ri wkuhh w|shv= 4, frqyhujhqw wr wkh pl{hg htxloleulxp/ 5, forvhg
ruelwv durxqg wkh htxloleulxp srlqw dqg 6, frqyhujhqw wr wkh erxqgdu| ri I1 Iljxuh 7 uhsuhvhqwv
wkh gl￿huhqw g|qdplfv rq wkh idfh I +zlwk {￿￿ @3 ,/ wkh pl{hg htxloleulxp {W/ dqg wkh ydoxh a {2￿
+htxdwlrq 8,1 Rq wkh krul}rqwdo glphqvlrq zh sorw wkh sursruwlrq ri qrq prqlwruhg ordqv dqg rq
wkh yhuwlfdo wkh sursruwlrq ri eruurzhuv zkr h{huw h￿ruw1 Wkh gdvkhg olqh lv wkh fulwlfdo ydoxh a {2￿1
Lq doo wkuhh fdvhv wkh g|qdplfv duh forfnzlvh1 Lq fdvh 4 wkh pl{hg htxloleulxp lv dv|pswrwlfdoo|
vwdeoh> lq fdvh 5 wkh g|qdplfv duh fkdudfwhul}hg e| forvhg ruelwv durxqg wkh htxloleulxp srlqw>
fdvh 6 vkrzv prqrwrqlf g|qdplfv xqghu zklfk wkh pl{hg htxloleulxp lv dv|pswrwlfdoo| xqvwdeoh










Iljxuh 7= G|qdplfv rq idfh I
Lq Ohppd 5 zh vkrz wkdw wkh idfh I lv uh hfwlqj iru orz ohyhov ri h￿ruw/ dqg devruelqj
iru kljk ohyhov ri h￿ruw1 Frqglwlrqv +f=4, dqg +f=5, jxdudqwhh wkdw lqyhvwlqj lq wkh vdih dvvhw
lv wkh ohqghuv* ehvw vwudwhj| iru h￿ruwv ehorz a {2￿> dqg lw lv wkh zruvw vwudwhj| iru h￿ruwv deryh
{￿
2￿ @+ u￿￿U,@￿U> zlwk a {2￿ ?{ ￿
2￿ ?{ W
2￿= Xqghu sd|r￿ prqrwrqlflw|/ ￿pxwdwlrqv￿ lqyroylqj VD
zloo vsuhdg li wkh| rffxu zkhq {2￿ ￿ a {2￿ dqg zloo eh nloohg0r￿ zkhq {2￿ ￿ {￿
2￿= Wkh ehkdylru iru
lqwhuphgldwh ydoxhv ri {2￿ ghshqgv rq wkh sduwlfxodu vshfl￿fdwlrq ri wkh g|qdplfv1 Revhuyh wkdw
dv wkh sursruwlrq ri VD lqfuhdvhv vr grhv wkh sursruwlrq ri prqlwruhg ordqv ryhu wrwdo ordqv/ vlqfh
gxh wr wkh sd|r￿ prqrwrqlflw| dqg dvvxpswlrqv +f14, dqg +f15, P jurzv uhodwlyh wr QP zkhq
44{2￿ ￿ {W
2￿= Dv prqlwruhg ordqv jurz uhodwlyh wr qrq prqlwruhg ordqv/ wkh dgydqwdjh ri vklunlqj
ryhu h{huwlqj h￿ruw glvdsshduv dqg h￿ruw vwduwv jurzlqj1 Wkh surfhvv ri fuhglw frqwudfwlrq zloo
eh uhyhuwhg li d vwdwh zlwk {2￿ ￿ {￿
2￿ lv uhdfkhg1
Wkh iroorzlqj sursrvlwlrq h{sorlwv wkh uh hfwlqj qdwxuh ri wkh idfh I dqg jlyhv frqglwlrqv
iru wkh h{lvwhqfh ri fuhglw f|fohv1
Ohw P eh wkh vhw ri doo sd|r￿ prqrwrqlf g|qdplfv dqg P￿ wkh vhw ri prqrwrqrxv g|qdplfv
iru zklfk {W lv wkh ￿0olplw ri dq| vwdwh lq wkh lqwhulru ri I/ l1h1 wkh g|qdplfv ehqg rxwzdug
+fdvh 6,1
Sursrvlwlrq 41 Dvvxph wkdw g|qdplfv duh sd|r￿ prqrwrqlf dqg wkdw djhqwv h{shulphqw zlwk
qrq0sod|hg vwudwhjlhv1
l, Li g|qdplfv ehorqj wr P￿ wkh hfrqrp| pd| h{klelw fuhglw f|fohv1
ll, Iru dq| g|qdplfv ehorqjlqj wr P@P￿ wkhuh h{lvw d vhw ri lqlwldo frqglwlrqv vxfk wkdw wkh
hfrqrp| pd| h{klelw fuhglw f|fohv1
Surri1 Vhh Dsshqgl{1
Iljxuh 8 vkrzv d vlpxodwlrq zlwk uhsolfdwru g|qdplfv17 Xqghu uhsolfdwru g|qdplfv doo vwudwh0
jlhv zklfk jhw d kljkhu wkdq dyhudjh sd|r￿ kdyh srvlwlyh udwhv ri jurzwk dqg wkrvh zlwk kljkhu
sd|r￿ jurz idvwhu1 Wkh pl{hg htxloleulxp lv d fhqwhu srlqw zklfk lv qhxwudo/ qhlwkhu dv|pswrw0
lfdoo| vwdeoh qru xqvwdeoh +fdvh 6 lq Iljxuh 7, +vhh Kriedxhu dqg Vljpxqg +4<;;,,1
Frqvlghu d vwdwh vxfk dv d lq ￿jxuh 8 zlwk d kljk sursruwlrq ri jrrg eruurzhuv dqg qrq
prqlwruhg ordqv1 Xqghu prqrwrqrxv g|qdplfv/ erwk V dqg QP zloo jurz= lq d srsxodwlrq zlwk
pdq| jrrg eruurzhuv iurp wkh ohqghuv* srlqw ri ylhz/ lw lv ehwwhu wr judqw ordqv zlwkrxw sd|lqj
wkh prqlwrulqj frvwv/ zkloh zkhq wkhuh lv olwwoh ulvn ri ehlqj fdxjkw fkhdwlqj lv ehwwhu1 Wkh
v|vwhp zloo pryh Hdvw dqg uhdfk vwdwhv fkdudfwhul}hg e| d kljk udwh ri fkhdwlqj dqg edqnuxswf|1
Lq wkrvh vwdwhv wkh rxwvlgh rswlrq wxuqv rxw wr eh uhodwlyho| sur￿wdeoh dqg wkh v|vwhp idoov lqwr
7Xqghu uhsolfdwru g|qdplfv wkh udwh ri jurzwk ri srsxodwlrq vkduh %￿￿ lv jlyhq e|
}￿￿E%￿’E Z ￿￿E%￿ 3 7 Z￿E%￿￿￿￿ Mt ￿ c2 ￿ c￿M7 ￿c%Mf { ￿
zkhuh 7 Z￿E%￿ lv wkh dyhudjh sd|r￿ lq srsxodwlrq ￿1 Mxvwl￿fdwlrqv wr wkh xvh ri wkh uhsolfdwru g|qdplfv wr wkh
prghoolqj ri ohduqlqj duh irxqg lq Fdeudohv +4<<5,/ Elqpruh dqg Vdpxhovrq +4<<6e,/ Eøujhuv dqg Vdulq +4<<:,
dqg Vfkodj +4<<;,1 Vhh Vdpxhovrq dqg ]kdqj +4<<5, iru wkh surshuwlhv ri uhsolfdwru g|qdplfv zklfk duh vkduhg
e| prqrwrqlf g|qdplfv1
45Iljxuh 8= Fuhglw f|foh
d surjuhvvlyh fuhglw fuxqfk1 Qrwlfh/ krzhyhu/ wkdw wklv surfhvv grhv qrw ohdg wr wkh frpsohwh
glvdsshdudqfh ri fuhglw dfwlylw|1 Lw lv ghvwlqhg wr uhyhuw wr d qhz vwdjh ri fuhglw h{sdqvlrq
dffrpsdqlhg e| d uhgxfwlrq ri wkh udwh ri edqnuxswf|1
Dq lpsolfdwlrq ri wkh suhylrxv uhvxow lv wkdw vkrfnv fdq jhqhudwh fuhglw f|fohv1 Iru lqvwdqfh/
d vkrfn wkdw uhgxfhv wkh suredelolw| ri vxffhvv whqgv wr jhqhudwh fuhglw f|fohv vlqfh lwv h￿hfw lv
wr lqfuhdvh a {￿2 dqg wr pdnh wkh hfrqrp| pruh yxoqhudeoh wr wkh lqydvlrq ri VD1 Dvvxph/ iru
wkh vdnh ri vlpsolflw|/ wkdw wkh hfrqrp| lv lqlwldoo| lq wkh pl{hg htxloleulxp dqg wkdw d vkrfn
zklfk fkdqjhv wkh sd|r￿ pdwul{ dqg wkh htxloleuld/ dowkrxjk qrw wkhlu wrsrorjlfdo surshuwlhv/
klwv wkh hfrqrp|1 Wkh lqlwldo htxloleulxp lv qr orqjhu vwdeoh dqg zh fdq revhuyh fuhglw f|fohv
dv looxvwudwhg lq Iljxuh 9/ zklfk vkrzv d vlpxodwlrq lq zklfk wkh lqlwldo htxloleulxp d ehfrphv
xqvwdeoh diwhu wkh vkrfn1
Iljxuh 9= Srvw0vkrfn ehkdylru
46Fuhglw f|fohv duh revhuyhg ehiruh wkh hfrqrp| uhdfkhv d qhz orqj uxq htxloleulxp zlwk kljkhu
sursruwlrq ri prqlwruhg ordqv dqg ri cjrrg* eruurzhuv1 Revhuyh wkdw wkh qhz pl{hg htxloleulxp
lv dv|pswrwlfdoo| vwdeoh lq wkh idfh I1 Qrwlfh wkdw zh kdyh jhqhudwhg f|fohv zlwk g|qdplfv
zklfk duh ￿frqyhujhqw￿ lq wkh idfh I1 Wkhvh g|qdplfv duh wkh ￿ohdvw idyrudeoh￿ iru jhqhudwlqj
fuhglw f|fohv/ vlqfh zh fdqqrw jxdudqwhh wkdw ydoxhv ehorz a {2￿ duh uhdfkhg +vhh fdvh 4 lq Iljxuh
7,1
516 Vxppdu| ri wkh wkhruhwlfdo uhvxowv
Lq wkh suhylrxv vxevhfwlrq zh kdyh vwxglhg wkh ehkdylrxu ri wkh hfrqrp| xqghu yhu| jhqhudo
hyroxwlrqdu| g|qdplfv1 Zh kdyh hvwdeolvkhg wkh h{lvwhqfh ri wzr devruelqj vhwv= l, d vhw ri
Qdvk htxloleuld zlwk fuhglw froodsvh +vhw F, dqg ll, wkh vhw ri vwdwhv zlwk d ixoo| ghyhorshg fuhglw
pdunhw +vhw I, zklfk frqwdlqv d xqltxh +pl{hg, Qdvk htxloleulxp1 Lq wklv htxloleulxp wkhuh lv
d pl{hg ri jrrg dqg edg eruurzhuv/ dqg wkh ohqghuv/ zkr judqw doo ordqv/ prqlwru d srvlwlyh
sursruwlrq ri wkhp1 Zh kdyh dovr vkrzq wkdw wkhuh h{lvwv d fulwlfdo ydoxh iru wkh sursruwlrq
ri eruurzhuv h{huwlqj h￿ruw/ a {2￿> ehorz zklfk ohqghuv suhihu wr lqyhvw lq wkh vdih dvvhw1 Li vxfk
ru d orzhu sursruwlrq ri jrrg eruurzhuv lv uhdfkhg/ d gudlqdjh ri ixqgv iurp ordqv lqwr vdihu
lqyhvwphqwv zloo eh revhuyhg1 Dq lpsolfdwlrq ri wklv uhvxow lv wkdw vkrfnv wkdw rffxu zkhq wkh
hfrqrp| lv lq wkh devruelqj vhw zlwk ixoo| ghyhorshg fuhglw pdunhw/ fdq jhqhudwh fuhglw f|fohv1
Lq zkdw iroorzv zh suhvhqw wkh uhvxowv ri dq h{shulphqw zklfk uhsurgxfhv lq wkh oderudwru|
wkh vlwxdwlrq ghvfulehg lq wkh prgho1 Wkh h{shulphqw zloo doorz xv wr vhohfw rqh ri wkh wzr
devruelqj vhwv dqg wr whvwv hpslulfdoo| wkh suhglfwlrqv ri rxu wkhruhwlfdo prgho derxw fuhglw
fuxqfkhv* rffxuuhqfhv1
6H { s h u l p h q w
614 H{shulphqwdo vhw xs8
61414 Jhqhudolwlhv
Dv lq wkh wkhruhwlfdo prgho/ wkhuh h{lvw wzr vhwv ri h{shulphqwdo vxemhfwv/ D dqg E1 Hdfk shulrg/
d udqgrp sdluzlvh surfhgxuh pdwfkhv lqglylgxdov +zkrvh lghqwlwlhv duh nhsw frq￿ghqwldo, lq erwk
8Wkh ghvfulswlrq iroorzv wkh xvxdo surwrfro/ dv lq Iulhgpdq +4<<9, s1 431
47vhwv/ dssur{lpdwlqj d vhulhv ri 50sod|hu qrq0uhshdwhg jdphv1 Dq lqglylgxdo lq D/ d ohqghu/ fdq
hdfk shulrg hlwkhu lqyhvw lq d orz uhwxuq/ u/v d i hd v v h w+ VD, ru ohqg/ dw d ￿{hg uhwxuq/ U/w rw k h
lqglylgxdo lq E/ d eruurzhu/ zlwk zkrp vkh kdv ehhq pdwfkhg1 Vlqfh wkh lghqwlw| ri wkh wzr
pdwfkhg lqglylgxdov lv xqnqrzq wr wkhp/ wkh lqwhuhvw udwh fkdujhg iru wkh ordq fdqqrw eh pdgh
ghshqghqw rq wkh eruurzhuv klvwru|/ dqg lw lv dvvxphg wr eh dozd|v wkh vdph1 Qrz/ ohqghuv fdq
fkrrvh wr prqlwru +P, wkh xvh ri wkh fuhglw lq rughu wr ghwhfw srvvleoh iudxgxohqw ehkdylru/ exw
wklv prqlwrulqj hqwdlov d frvw/ f1 Eruurzhuv/ rq wkh rwkhu kdqg/ fdq hlwkhu ￿vklun￿ +V, ru h{huw
￿h￿ruw￿ +H,1
Wkh h{shulphqw frqvlvw ri d vhtxhqfh ri 46 oderudwru| vhvvlrqv +zlwkrxw suholplqdu| slorw
vhvvlrqv,/ odvwlqj iurp 93 wr <3 plqxwhv hdfk/ xvlqj sur￿w prwlydwhg vxemhfwv1 Sd|r￿v duh
fdoleudwhg wr uhvxow lq dyhudjh hduqlqjv ri derxw Shvhwd 5/333 +derxw ’47, shu krxu shu vxemhfw1
Uhdol}hg hduqlqjv ghshqg rq fkrvhq dfwlrqv dqg w|slfdoo| ydu| iurp Shvhwd 833 +XV ’7,/ wr
Shvhwd 6/833 +’5:, shu vhvvlrq1 Doo vxemhfwv duh jlyhq zulwwhq lqvwuxfwlrqv +dydlodeoh iurp wkh
dxwkruv rq uhtxhvw, lq d qhxwudo odqjxdjh wkdw grhv qrw phqwlrq wkh lqwhusuhwdwlrq ri wkhlu urohv
dv eruurzhuv ru ohqghuv/ qru grhv lw lqfoxgh dq| uhihuhqfh wr ohqglqj/ frqvxplqj ru lqyhvwlqj1 Wkh
lqvwuxfwlrqv frqwdlq lqirupdwlrq derxw wkh phfkdqlfv ri wkh h{shulphqw dqg derxw wkh vxemhfw*v
sd|r￿v/ zklfk ghshqg/ dv lw lv pdgh h{solflw/ rq khu ghflvlrqv dqg wkh ghflvlrqv ri wkh pdwfkhg
sdlu1 Lq wkh lqvwuxfwlrqv/ vxemhfwv duh qrw lqiruphg derxw sd|r￿v ri dq| rwkhu vxemhfwv1 Suhylrxv
wr wkh ehjlqqlqj ri wkh vhvvlrqv/ vxemhfwv uhfhlyh derxw 48 plqxwhv wudlqlqj rq wkh frpsxwhu1 Lq
hdfk vhvvlrq/ 45 ru 47 xqghujudgxdwh vxemhfwv lqwhudfw iru dq xqglvforvhg qxpehu ri shulrgv19
Doo vhvvlrqv kdyh lq frpprq wkdw/ lq hdfk shulrg/ wkh vxemhfwv/ vhdwhg dw ylvxdoo| lvrodwhg
whuplqdov/ uhylhz klvwrulfdo gdwd dqg wdnh dfwlrqv iurp d phqx ri wzr srvvleoh dfwlrqv iru
eruurzhuv +zklfk zh lqwhusuhw dv h￿ruw +H, dqg qr h￿ruw +V,, dqg wkuhh srvvleoh dfwlrqv iru
ohqghuv +zklfk zh lqwhusuhw dv lqyhvw lq wkh vdih dvvhw +VD,/ ohqg zlwkrxw prqlwrulqj +QP,
dqg ohqg zlwk prqlwrulqj +P,,1 Wkh fkrlfhv ri doo vxemhfwv duh vhqw wr d fhqwudo surfhvvru wkdw
frpsxwhv wkh rxwfrphv1 Wkh klvwrulfdo gdwd wkdw dsshdu rq wkhlu vfuhhqv/ diwhu hdfk shulrg/
9Zh lqwhqghg wr xvh 47 vxemhfwv lq doo vhvvlrqv1 Idloxuh ri d frpsxwhu lq rqh vhvvlrq dqg idloxuh wr dwwudfw wkh
uhtxluhg 47 vxemhfwv lq dqrwkhu/ uhvxowhg lq wzr vhvvlrqv +43 dqg 44, zlwk rqo| 45 vxemhfwv1 Dgglwlrqdoo|/ lq rughu
wr vhh zkhwkhu rxu dyhudjhv zhuh d￿hfwhg e| wkh vpdoo qxpehu ri revhuydwlrqv/ lq Vhvvlrqv 6/ </ 43 dqg 44/ zh
irufhg vxemhfwv wr pdnh wkuhh fkrlfhv shu shulrg/ dv li zh kdg 75 vxemhfwv sduwlflsdwlqj1 Zh idlo wr vhh dq| h￿hfwv
ri wklv surfhgxuh1 Zh nhsw vhvvlrqv wr d plqlpxp ri 65267 shulrgv/ dqg vrph vhvvlrqv zhqw xs wr 95 shulrgv1
48duh wkhlu suhylrxv ghflvlrq dqg sd|r￿ dqg wkh suhylrxv ghflvlrq dqg sd|r￿ ri dqrwkhu vxemhfw/
fkrvhq udqgrpo|/ lq wkhlu jurxs +hlwkhu D ru E,1
Lq doo vhvvlrqv/ wkh sd|r￿ ixqfwlrq lv gh￿qhg iru d vhw ri sdudphwhuv wkdw vdwlvi| wkh frqglwlrqv
+f=4, ￿ +f=5, ri wkh wkhruhwlfdo prgho1 Wkh devwudfw sd|r￿ pdwul{ xvhg lv wkh vdph dv lq wkh
qrupdo irup jdph vkrzhg lq Iljxuh 5/ exw vxemhfwv rqo| vhh dv wkh hohphqwv ri wkh pdwul{ wkh
h{shfwhg sd|r￿v wkdw uhvxow iurp wkh rshudwlrqv vwdwhg wkhuh1 Wkhvh sd|r￿v duh wkh vdph iru hdfk
jurxs ri vxemhfwv1 Lq vrph vhvvlrqv/ d vkrfn rffxuv lq plg0vhvvlrq uhvxowlqj lq d fkdqjh lq wkh
sd|r￿ pdwul{1: Wkh uhpdlqlqj vhvvlrqv +4/ 8 dqg <, gr qrw lqfoxgh d vkrfn dqg/ frqvhtxhqwo|/
wkh sd|r￿ pdwul{ vwd|v wkh vdph gxulqj wkh zkroh vhvvlrq1 Zkhq d vkrfn h{lvwv/ wkh sd|r￿v duh
fkrvhq wr vhsdudwh dv fohduo| dv srvvleoh wkh suh dqg srvw vkrfn pl{hg Qdvk htxloleuld suhglfwhg
e| wkh prgho1;
61415 Wuhdwphqw
Wkh wuhdwphqw lv wkh sd|r￿= Zh zdqw wr revhuyh wkh h￿hfwv ri fkdqjhv lq sd|r￿v1 Zh rujdql}h
wkh h{shulphqw lq wkuhh jurxsv ri irxu vhvvlrqv/ hdfk zlwk d gl￿huhqw vwduwlqj sd|r￿ pdwul{1
Dprqj wkh irxu/ rqh vhvvlrq/ vhuylqj dv d edvholqh/ grhv qrw lqfoxgh d vkrfn/ ru sd|r￿ fkdqjh/
lq plgvhvvlrq1 Wkhvh vkrfnv ruljlqdwh lq d prgl￿fdwlrq ri rqh ru vhyhudo ri wkh sdudphwhuv
wkdw d￿hfw wkh h{shfwhg sd|r￿ 0olnh wkh suredelolw| ri vxffhvv zlwk ru zlwkrxw h￿ruw0 lq wkh
qrupdo irup jdph pdwul{1 Lq dgglwlrq/ d Vhvvlrq 46 zdv rujdql}hg wr revhuyh wkh h￿hfw/ li dq|/
ri uhyhuvlqj wkh rughu ri wkh sd|r￿ pdwulfhv zlwk uhvshfw wr Vhvvlrqv 43/ 44 dqg 451 Wdeoh 4
vxppdul}hv wkh h{shulphqwdo vhw0xs1
:Lq Vhvvlrqv 5/ 9/ : dqg ;/ wkh vkrfn zdv dqqrxqfhg dqg wkh qhz sd|r￿ pdwul{ zdv pdgh sxeolf1 Lq wkh
uhpdlqlqj vhvvlrqv zlwk vkrfnv/ wkh vkrfn zdv qrw dqqrxqfhg dqg wkh qhz sd|r￿ pdwul{ zdv qhyhu pdgh sxeolf/
exw vxemhfwv zhuh wrog wkdw wkh sd|r￿ pdwul{ zrxog fkdqjh gxulqj wkh vhvvlrq zlwkrxw zduqlqj1 Zh kdyh idlohg wr
vhh dq| v|vwhpdwlf gl￿huhqfh ehwzhhq wkh wzr wuhdwphqwv1 Lq sduwlfxodu zh idlo wr vhh/ dv rqh zrxog kdyh h{shfwhg/
pruh h{shulphqwlqj rq wkh vxemhfwv* sduw zkhq wkh qhz sd|r￿ pdwul{ zdv qrw h{solflwo| jlyhq1 Wkhvh fkdqjhv/
soxv wkh rqhv uhsruwhg lq irrwqrwh 8/ zhuh lqwurgxfhg wr fkhfn iru urexvwqhvv/ dv zh uhsolfdwhg wkh vhvvlrqv zlwk
wkhvh yduldwlrqv1
;Lq vhvvlrqv 4/ 5/ 6 dqg 7/ wkh htxloleulxp ydoxhv ehiruh dqg diwhu vkrfn iru ￿￿ zhuh frqvlghuhg wr eh wrr
forvh/ dqg wkh sd|r￿v zhuh vxevhtxhqwo| fkdqjhg vr wkdw wkh glvwdqfh ehwzhhq htxloleuld lqfuhdvhg1
49Jurxs Vhvvlrq Sd|r￿v Shulrgv Qxpehu ri Vxemhfwv
4 4 S4 65 47
4 5 S42S5 4:265 47
4 6 S42S5 4:265 47
4 7 S42S5 59295 47
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6 44 S82S9 4:267 45
6 45 S82S9 49295 47
0 46 S92S8 4:267 47
Wdeoh 41 Vxppdu| ri wkh vhvvlrqv* edvlf ihdwxuhv1
4, Wkh sd|r￿v* froxpq lqglfdwhv wkh gl￿huhqw sd|r￿v xvhg lq wkh h{shulphqw1 D vodvk phdqv wkdw d vkrfn rffxuuhg
lq wkh vhvvlrq/ uhvxowlqj lq gl￿huhqw lqlwldo dqg ￿qdo sd|r￿v1 Vhvvlrqv 4/ 8 dqg </ dfwlqj dv edvholqhv/ gr qrw kdyh
dq| vkrfn1 Qrwh wkdw lq Vhvvlrq 46/ wkh rughu ri sd|r￿v zdv uhyhuvhg zlwk uhvshfw wr Jurxs 6 vhvvlrqv1 5, Zkhq
wkh qxpehu ri shulrgv lv vhsdudwhg e| d vodvk/ wkh ￿uvw ￿jxuh lqglfdwhv wkh shulrg zkhq wkh vkrfn rffxuuhg/ dqg
wkh vhfrqg wkh wrwdo qxpehu ri shulrgv1<
Rxu pdlq jrdo lv wr whvw zkhwkhu/ dv suhglfwhg e| wkh sd|r￿ prqrwrqrxv g|qdplfv ri wkh
prgho/ fuhglw fuxqfkhv rffxu dw wkh fulwlfdo wkuhvkrog1 Zh dovr zdqw wr fkhfn zkhwkhu Qdvk lv
d jrrg suhglfwru ri dyhudjh ehkdylru dqg zkhwkhu wkh revhuyhg g|qdplfv vkrz dq| ghjuhh ri
frqyhujhqfh wrzdugv Qdvk1 Ilqdoo| zh xvh wkh h{shulphqw wr glvfulplqdwh ehwzhhq wkh wzr vhwv
ri htxloleuld ri wkh jdph1
<Vhvvlrq : lqfoxghv d frvw ri fkdqjlqj vwudwhjlhv zlwk wkh sxusrvh ri uhgxflqj wkh yrodwlolw| ri wkh pdunhw1
4:7 H{shulphqwdo uhvxowv
714 Sd|r vdolhqfh
Vlqfh wkh h{shulphqw lqyroyhv txlwh d ihz vhvvlrqv/ zh zdqw wr ehjlq e| fkhfnlqj wkdw wkh vhvvlrqv
duh wdnlqj sodfh lq d vwdeoh h{shulphqwdo vhwwlqj/ xqd￿hfwhg e| wkh gl￿huhqw vxemhfw srrov ru wkh
gl￿huhqw h{shulphqwdo vlwxdwlrqv1 Wr wklv hqg/ zh frpsduh vhvvlrqv wkdw vkduh wkh vdph lqlwldo
sd|r￿v orrnlqj dw wkh dyhudjh iuhtxhqflhv ri wkh gl￿huhqw vwudwhjlhv ehiruh dq| vkrfn rffxuv1 Iru
wkrvh vhvvlrqv zlwkrxw vkrfn/ zh zloo rqo| frpsduh dyhudjhv iru wkh vdph qxpehu ri shulrgv dv
lq wkh ￿uvw sduw ri wkh vhvvlrqv zlwk vkrfn1
Sd|r￿ S4
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Wdeoh 5= Wdeoh ri iuhtxhqflhv43
Vhvvlrqv jurxshg dffruglqj wr sd|r￿v1 Iluvw sduw ri vhvvlrqv1 {￿￿ +Vdih dvvhw, > ￿ {￿2 +Qrq prqlwruhg ordqv ryhu
wrwdo ri ordqv,> {2￿+H￿ruw,1
Lq eurdg whupv/ vhh Wdeoh 5/ rqh fdq vd| wkdw dyhudjh iuhtxhqflhv ri VD +{￿￿, dqg QP2QP.P
+￿ {￿2, uhpdlq pruh vlplodu zlwklq jurxsv wkdq ehwzhhq jurxsv/ frq￿uplqj vrph edvlf vwdelolw|
ri wkh h{shulphqwdo vhw0xs dqg lqglfdwlqj/ dv zhoo/ wkdw sd|r￿v kdyh dq h￿hfw rq rxwfrphv/ zkdw
pd| eh fdoohg vdolhqfh144 Vshfl￿fdoo|/ li zh ohdyh dvlgh Vhvvlrq 8/ zklfk grhv qrw ￿w vtxduho| lq
dq| ri wkh wkuhh jurxsv/ VD kdv iuhtxhqflhv lq wkh udqjh 43047( shu fhqw iru S4/ lq wkh udqjh
43Wkh ruljlqdo Vhvvlrq 8 zdv lqwhuuxswhg e| d frpsxwhu idloxuh1 Wkh uhvxow zdv d vkruw vhvvlrq/ vr zh ghflghg
wr uxq lw djdlq1 Zh fdoo 8 wkh qhz vhvvlrq dqg zh odeho wkh rog vhvvlrq dv 8e1
44Wklv h￿hfw lv fdoohg ￿grplqdqfh￿ lq Iulhgpdq dqg Vxqghu +4<<7,1 Zh gr qrw xvh wklv qdph wr dyrlg frqixvvlrq
zlwk ￿sd|r￿ grplqdqfh￿ dv xvhg lq jdph wkhru|1
4;:0<( iru S6/ lq wkh 5905<( udqjh lq S81 Vlploduo| zh revhuyh wkdw ￿ {￿2 duh lq wkh 85098( udqjh
iru S4/ lq wkh :70;3( udqjh iru S6/ lq wkh 5<07;( udqjh iru S81
Zkhq zh wxuq wr eruurzhuv dqg zh revhuyh wkhlu h￿ruw vwudwhj|/ gl￿huhqfhv dprqj jurxsv
ri vhvvlrqv duh ohvv pdunhg exw vwloo fohduo| glvfhuqleoh1 S4 kdv iuhtxhqflhv lq wkh 960:7( udqjh/
S6 lq wkh 7<093( udqjh dqg S8 lq wkh 59088( udqjh1 Wkh frqfoxvlrq lv wkdw vwdelolw| ri wkh
h{shulphqwdo hqylurqphqw dqg sd|r￿ vdolhqfh vhhp wr eh yhul￿hg1
715 Zklfk devruelqj vhwB
Wkh jdph suhvhqwhg lq wkh wkhru| sduw ri wkh sdshu kdv wzr gl￿huhqwldwhg vhwv ri Qdvk htxloleuld1
Rqh lv d vhw ri htxloleuld zlwk fuhglw froodsvh/ wkh vhfrqg ehlqj d ixoo fuhglw vlwxdwlrq zlwk vrph
ordq prqlwrulqj dqg h￿ruw1 Lq wkh h{shulphqw wkh vlwxdwlrq ri fuhglw froodsvh zdv qhyhu uhdfkhg1
Wkh zruvw fdvh uhsuhvhqwv d fuhglw fuxqfk ri derxw :8( ri wkh fuhglw srwhqwldo/ zklfk rffxuv
lq rqh shulrg ri Vhvvlrq 7 dqg lq rqh shulrg ri Vhvvlrq 451 Lq wkh h{shulphqw d ￿vhulrxv￿
fuhglw fuxqfk phdqw xvxdoo| d fuhglw uhgxfwlrq ri 83093(/ vwloo txlwh d orqj zd| iurp wkh fuhglw
froodsvh1 Rq wkh rwkhu kdqg/ vlwxdwlrqv zlwk ixoo fuhglw dydlodelolw| derxqg dqg/ dv zh zloo vhh
vrrq/ frqyhujhqfh wr ixoo fuhglw dydlodelolw| lv qrw xqfrpprq1
Wkh ￿uvw frqfoxvlrq ri wkh h{shulphqw lv/ wkhuhiruh/ wr txhvwlrq wkh olnholkrrg ri d fuhglw
froodsvh htxloleuld
716 Frqyhujhqfh wr ixoo fuhglw dydlodelolw|
Wkh vhw ri Qdvk htxloleuld zlwk fuhglw froodsvh lv qrw vhohfwhg lq wkh h{shulphqw/ exw lv wkh idfh
I dq dwwudfwru lq wkh g|qdplfv ri wkh fuhglw pdunhwB Rxu jhqhudo prgho rqo| fodlpv dwwudfwru
fdsdelolw| iru wkh ixoo fuhglw vwudwhj|/ l1h1/ zh vkrxog revhuyh d whqghqf| wr jr wr wkh  rru ri
Iljxuh 61 Exw f|fohv ri h￿ruw dqg prqlwrulqj frxog eh hlwkhu frqyhujlqj ru glyhujlqj1 Wkh
iroorzlqj wdeoh uhsruwv wkh frqyhujhqfh uhvxowv iru wkh vdih dvvhw1 Wkh dlp ri wklv whvw lv wr vhh
zkhwkhu zh fdq vd| wkdw revhuyhg ehkdylru frqyhujhv wr wkh ixoo| ghyhorshg fuhglw pdunhw ru
qrw1





m{+w, ￿ {Wm ￿ e iru doo w ￿ w￿
4<zkhuh W lv wkh odvw shulrg1 Zkhq vhvvlrqv kdyh vkrfnv/ zh uxq wkh whvw iru wkh wzr vxevhv0
vlrqv1 Iroorzlqj Iulhgpdq +4<<9, zh fkrrvh e @4 @q +wljkw frqyhujhqfh, dqg e @5 @q +orrvh
frqyhujhqfh,/ zkhuh q lv wkh qxpehu ri vxemhfwv lq hdfk vhw D dqg E145 Revhuyh wkdw wkh wljkw
fulwhulrq zloo |lhog frqyhujhqfh iurp shulrg w rqzdugv dv orqj dv qr pruh wkdq rqh vxemhfw
ghyldwhv/ rq dyhudjh/ iurp wkh htxloleulxp vwudwhj|/ zkloh wkh orrvh fulwhulrq doorzv iru/ dw prvw/
wzr ghyldwlqj vxemhfwv rq dyhudjh1
Vhvvlrq Shulrgv Suh0vkrfn Shulrgv Srvw0vkrfn
4 4065 W+4,/ O+4, 0 0
5 4049 W+4,/ O+4, 4:065 W+55,/ O+4:,
6 4049 W+49,/ O+48, 4:065 Qr frqyhujhqfh
7 4058 W+4,/ O+4, 59095 W+59,/ O+59,
8 4085 Qr frqyhujhqfh 0 0
9 404< W+4<,/ O+4, 53083 W+83,/ O+53,
: 4053 W+4,/ O+4, 54083 W+54,/ O+54,
; 4055 W+4,/ O+4, 56083 W+79,/ O+56,
< 4063 O+63, 0 0
43 4049 Qr frqyhujhqfh 4:067 Qr frqyhujhqfh
44 4049 Qr frqyhujhqfh 4:067 W+64,/ O+58,
45 4058 Qr frqyhujhqfh 59095 W+67,/ O+59,
46 4049 W+49,/ O+4, 4:067 O+44,
Wdeoh 61 Frqyhujhqfh wrzdugv ixoo fuhglw dydlodelolw| +{￿￿ @3 , 1
W+w, dqg O+w, vwdqg uhvshfwlyho| iru wljkw dqg orrvh frqyhujhqfh iurp shulrg w rqzdugv1 Ri frxuvh/ W+w, lpsolhv
O+w,1
Lq wkh suh0vkrfn sduw/ rxw ri wkluwhhq vhvvlrqv/ ￿yh vkrz vwurqj frqyhujhqfh wr ixoo fuhglw dydlo0
delolw| iurp wkh yhu| ehjlqqlqj/ d wrwdo ri hljkw vkrz vwurqj frqyhujhqfh iurp vrph shulrg
rqzdugv/ d wrwdo ri qlqh vkrz vrph vruw ri frqyhujhqfh/ dqg rqo| irxu vkrz qr frqyhujhqfh1 Lq
wkh srvw0vkrfn sduw/ rxw ri whq vhvvlrqv/ vhyhq vkrz vwurqj frqyhujhqfh/ dqrwkhu rqh vkrzv orrvh
frqyhujhqfh/ dqg rqo| wzr vhvvlrqv vkrz qr frqyhujhqfh1 Zh lqwhusuhw wklv uhvxow dv vkrzlqj
45Rxu fulwhulrq iru frqyhujhqfh gl￿huv iurp Iulhgpdq*v lq wkdw zh fkhfn iru frqyhujhqfh iurp hyhu| shulrg
rqzdugv/ zkloh kh grhv lw iru wkh zkroh vhvvlrq +ru kdoi vhvvlrq,1 Dv h{sodlqhg lq irrwqrwh 8/ q@: h{fhsw lq
vhvvlrqv 6/ </ 43 dqg 44/ zkhq q@541
53ehkdylrudo frqyhujhqfh wrzdugv wkh ixoo fuhglw htxloleulxp/ dv suhglfwhg e| wkh sd|r￿ prqrwrqlf
g|qdplfv ri rxu prgho1
717 Qdvk dv dq dssur{lpdwlrq
Dv zh kdyh vhhq lq vhfwlrq 515/ sd|r￿ prqrwrqlf g|qdplfv gr qrw jxdudqwhh frqyhujhqfh wr wkh
pl{hg htxloleulxp/ exw lv wkh Qdvk htxloleulxp zlwk ixoo fuhglw dydlodelolw| d jrrg dssur{lpdwlrq
ri wkh dyhudjh iuhtxhqf| ri vwudwhjlhvB
Zkhwkhu Qdvk idlov wr dssur{lpdwh wkh dyhudjh iuhtxhqflhv lv d pdwwhu ri rslqlrq/ gl!fxow
wr vhwwoh vlqfh zh gr qrw kdyh dq dowhuqdwlyh frqfhsw ri htxloleulxp wr frpsduh zlwk1 Lq vslwh
ri lw/ zh wklqn wkdw Qdvk idlov vlqfh lw lv qrw fdsdeoh/ lq prvw fdvhv/ wr suhglfw lq zkdw gluhfwlrq
wkh iuhtxhqf| ri vwudwhjlhv lv jrlqj wr pryh zkhq Qdvk ydulhv dv sd|r￿v duh fkdqjhg1 Li zh orrn
dw h￿ruw/ wkh htxloleulxp ydoxhv lq wkh suh0vkrfn vhvvlrqv ri wkh wkuhh jurxsv duh 55(/ 87( dqg
:4(/ zkloh wkh dyhudjh iuhtxhqflhv vwd|/ yhu| eurdgo|/ durxqg 83(/ :3( dqg 83( uhvshfwlyho|1
Vlploduo| iru wkh srvw0vkrfn sduwv ri wkh wkuhh jurxsv ri vhvvlrqv/ zlwk htxloleulxp ydoxhv dw
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7 3 143 1<6 199 198 187 196
8 3 159 1:< 16: 17< 155 163
8e 3 =3< 1:< 1:5 1:< 155 17<
93 = 3< 1:< 1:4 1:; 155 193
:3 = 3< 1:< 1:4 1:; 155 17<
;3 = 3: 1:< 19< 1:7 155 184
<3 = 55 173 159 167 1:4 193
43 3 =5; 173 154 15< 1:4 17<
44 3 =59 173 168 17: 1:4 159
45 3 159 173 168 17: 1:4 159




￿2 {￿2 ￿ {￿2 {W
2￿ {2￿
0000000
3 = 54 1<4 188 19< 1:; 1:9
3 =54 1<4 169 178 1:; 1;3
3 139 1<4 17< 183 1:; 1:9
0000000
0000000
3 = 47 1:: 1:3 1;4 174 187
3 =44 1:: 196 1:4 174 18:
3 =57 1:: 184 19: 174 17<
0000000
3 = 4; 183 17< 183 17: 17<
3 =48 183 177 183 17: 177
3 14: 183 176 185 17: 144
3 =47 173 15: 166 1:4 19:
Wdeoh 71 Wdeoh ri htxloleuld iuhtxhqflhv dqg dyhudjh iuhtxhqflhv
{￿￿ +Vdih dvvhw,/ {￿2 +Qrq Prqlwruhg Ordqv,/ ￿ {￿2 +Qrq prqlwruhg ordqv zlwk uhvshfw wr wrwdo ordqv,/ {2￿ +H￿ruw,1
D vwdu ghqrwhv htxloleulxp ydoxhv1
Wklqjv orrn ehwwhu zlwk uhvshfw wr Qrq prqlwruhg ordqv ryhu wrwdo ordqv +￿ {￿2,/ exw qrw txlwh1
Htxloleulxp ydoxhv dw 73( dqg :<( vhhp wr eh forvh wr dfwxdo iuhtxhqflhv ri derxw 73( dqg
:8(/ exw zkhq htxloleulxp pryhv xs wr <6(/ revhuyhg iuhtxhqflhv pryh grzq wr derxw 93(1
Lq wkh srvw vkrfn sduw ri wkh wkuhh jurxsv ri vhvvlrqv/ zh kdyh htxloleulxp ydoxhv dw 83(/ ::(
dqg <4(/ zlwk dyhudjhv lq wkh udqjh ri 83(/ :8( 0txlwh jrrg0 dqg 78( 0txlwh edg1
55718 F|fohv
Wkh hyroxwlrqdu| prgho suhvhqwhg lq wkh sdshu suhglfwv wkdw wkhuh h{lvw d wkuhvkrog/ a {2￿/v x f k
wkdw/ zkhq h￿ruw idoov ehorz lw/ d fuhglw fuxqfk wdnhv sodfh1 Wdeoh 8 uhsruwv wkh ydoxhv ri a {2￿








Wdeoh 81Ydoxhv ri wkh wkuhvkrog ￿ {2￿ iru wkh gl￿huhqw sd|r￿v
Dowkrxjk rxu jhqhudo g|qdplfv suhglfw wkh srvvlelolw| ri fuhglw fuxqfkhv/ lw grhv qrw suhglfw
wkhlu pdjqlwxgh1 Zh wxuq qrz wr vhh krz wklv txdolwdwlyh suhglfwlrq iduhv lq rxu h{shulphqw
+vhh ￿jxuhv lq wkh Dsshqgl{,=
Jurxs 4= Lq Vhvvlrq 4 +zlwk qr vkrfn, dqg lq wkh suh0vkrfn sduw ri wkh uhvw ri vhvvlrqv lq
wklv jurxs/ wkh wkuhvkrog a {2￿ lv 1571 Vlqfh dyhudjh h￿ruw vwd|v dozd|v deryh wklv ohyho/ qr fuhglw
fuxqfk vkrxog eh revhuyhg dffruglqj wr wkh prgho/ dqg qr fuhglw fuxqfk lv revhuyhg1 Diwhu wkh
vkrfn/ wkh wkuhvkrog a {2￿ pryhv xs wr 179/ dyhudjh h￿ruw furvvhv wklv ohyho/ dqg zh revhuyh fuhglw
fuxqfkhv ri pruh wkdq 83( lq Vhvvlrqv 5 dqg 7 dqg ri derxw 98( lq Vhvvlrq 61
Jurxs 5= Wkh vhfrqg jurxs ri vhvvlrqv lv fkdudfwhul}hg e| d yhu| orz h￿ruw wkuhvkrog
a {2￿ @1481 Lq pdq| shulrgv ri Vhvvlrq 8/ d vhvvlrq zlwk qr vkrfn/ dfwxdo h￿ruw uhdfkhv wkh
wkuhvkrog dqg zh revhuyh/ dv suhglfwhg/ pdq| shulrgv ri fuhglw frqwudfwlrq wr dydlodelolw| ohyhov
durxqg 93(/ dqg dv pdq| dv ￿yh shulrgv lq zklfk fuhglw dydlodelolw| idoov wr orzv ri derxw 73(1
Lq wkh suh0vkrfn sduw ri wkh uhpdlqlqj vhvvlrqv +9/ : dqg ;,/ h￿ruw qhyhu idoov dv orz dv 48(
+h{fhsw lq rqh shulrg ri Vhvvlrq :, dqg qr idoo lq fuhglw dydlodelolw| lv revhuyhg +h{fhsw lq rqh
shulrg ri Vhvvlrq 9,1 Diwhu wkh vkrfn/ wkh wkuhvkrog udlvhv wr 169/ dqg h￿ruw idoov wzlfh ehorz lw
lq Vhvvlrq 9/ dqg wzlfh lq Vhvvlrq ;1 Rqo| lq rqh ri wkh fdvhv/ lq hdfk vhvvlrq/ zh revhuyh wkdw
fuhglw idoov ehorz 93(1 Lq Vhvvlrq ;/ zklfk fkdujhv d frvw iru fkdqjlqj vwudwhjlhv/ wklv fuhglw
frqwudfwlrq odvwv iru dv pdq| dv : shulrgv1 Lq Iljxuh : zh vkrz h￿ruw dqg prqlwrulqj f|folqj lq
56wkh qhljkerukrrg ri wkhlu htxloleulxp ydoxhv lq vhvvlrq ; dqg krz/ diwhu wkh vkrfn zklfk udlvhv
a {2￿/ revhuyhg h￿ruw furvvhv wkh wkuhvkrog1








































Iljxuh := Sdwk ri +{￿2/{ 2￿, lq Vhvvlrq ;= Wkh vkrfn rffxuv lq shulrg 56/ udlvlqj a {2￿ iurp 148 wr 169/ dv vkrzq
e| wkh krul}rqwdo olqhv> h4 dqg h5 lqglfdwh/ uhvshfwlyho|/ wkh suh0vkrfn dqg srvw0vkrfn htxloleuld1
Jurxs 6= Wr wkh wklug jurxs ri vhvvlrqv fruuhvsrqgv dq lqlwldo wkuhvkrog ri 17 dqg d srvw0
vkrfn wkuhvkrog ri 1561 Vhvvlrq < +wkh vhfwlrq zlwkrxw vkrfn, ehjlqv zlwk h￿ruw qhdu wkh wkuhvkrog
dqg fuhglw dydlodelolw| ehorz 93( lq vhyhudo shulrgv1 Diwhu shulrg 43/ h￿ruw uhpdlqv deryh wkh
wkuhvkrog dqg/ dv suhglfwhg/ fuhglw ehjlqv d vorz uhfryhu| zlwk d fohdu wuhqg wrzdugv ixoo fuhglw
dydlodelolw|1 Lq Vhvvlrqv 43 dqg 44/ zlwk h￿ruw vwd|lqj dw derxw wkh vdph ohyho ehiruh dqg diwhu wkh
vkrfn/ fuhglw dydlodelolw| lv kljkhu lq wkh vhfrqg sduw ri wkh vhvvlrqv/ dv suhglfwhg e| wkh prgho/
gxh wr wkh idoo lq wkh wkuhvkrog1 Lq wkh zkroh ri Vhvvlrq 45/ revhuyhg h￿ruw lv yhu| orz/ zkloh
fuhglw dydlodelolw| vwd|v orz lq wkh suh0vkrfn sduw +lq idfw/ wkh orzhvw fuhglw dydlodelolw| ri wkh
zkroh h{shulphqw lv uhdfkhg lq wklv sduw ri wkh vhvvlrq,/ lqfuhdvlqj lq wkh srvw0vkrfn skdvh1 Exw
wklv kljkhu fuhglw dydlodelolw| wdnhv sodfh lq vslwh ri h￿ruw idoolqj ehorz wkh wkuhvkrog/ frqwudu|
wr zkdw wkh prgho*v suhglfwlrq1 Ilqdoo|/ li zh wxuq wr Vhvvlrq 46/ zklfk lqyhuwv wkh rughu ri wkh
sd|r￿ pdwulfhv/ wkh prgho suhglfwv pruh fuhglw dydlodelolw| lq wkh suh0vkrfn sduw wkdq lq wkh
srvw0vkrfn/ dqg wklv lv zkdw lv revhuyhg= wkh rqo| vljql￿fdqw fuhglw fuxqfk rffxuv lq wkh vhfrqg
sduw/ diwhu h￿ruw idoov forvh wr 73(1
Rxu frqfoxvlrq lv wkdw/ h{fhsw lq wkh vhfrqg sduw ri Vhvvlrq 45 dqg/ dpeljxrxvo|/ lq wkh
vhfrqg sduw ri Vhvvlrqv 9 dqg :/ wkh prgho lv d jrrg jxlgh wr suhglfw zkhq fuhglw fuxqfkhv duh
57jrlqj wr eh pruh olnho| lq wkh 46 vhvvlrqv ri wkh h{shulphqw146
8 Frqfoxvlrqv
Lq wklv sdshu zh kdyh suhvhqwhg dq dv|pphwulf jdph zklfk zh lqwhusuhw dv uhsuhvhqwlqj d ohqghu0
eruurzhu uhodwlrq1 Wkh jdph kdv wzr vhwv ri Qdvk htxloleuld= dq htxloleulxp zlwk ixoo fuhglw
dydlodelolw| dqg d vhw ri htxloleuld zlwk fuhglw froodsvh1 Erwk w|shv ri htxloleuld fdq eh uhdfkhg
xqghu sd|r￿ prqrwrqlf g|qdplfv1 Wkh h{shulphqw kdv khoshg xv wr glvfulplqdwh lq idyru ri wkh
ixoo fuhglw htxloleulxp1
Wkh h{shulphqw kdv dovr frq￿uphg wkdw Qdvk htxloleulxp vwudwhjlhv duh qrw d jrrg suhglfwruv
ri wkh dyhudjh ehkdylru lq dv|pphwulf jdphv/ dv srlqwhg rxw e| Iulhgpdq +4<<9,1
Wkh hyroxwlrqdu| prgho suhvhqwhg pdnhv yhu| suhflvh suhglfwlrqv derxw fuhglw fuxqfk rffxu0
uhqfhv1 Wkhvh suhglfwlrqv duh/ lq hvvhqfh/ frq￿uphg h{shulphqwdoo|1
Glyhujlqj ru frqyhujlqj f|fohv ri h￿ruw dqg prqlwrulqj duh doo srvvleoh zlwk jhqhudo sd|r￿
prqrwrqlf g|qdplfv1 Wklv pd| eh d gudzedfn ri xvlqj vxfk d jhqhudo prgho1 Exw wkdw d
jhqhudo prgho fdq pdnh suhflvh suhglfwlrqv rq zkhq fuhglw fuxqfkhv zloo rffxu/ dqg wkdw wkhvh
suhglfwlrqv duh hvvhqwldoo| vxevwdqwldwhg e| wkh h{shulphqw/ vhhpv wr jlyh dgghg fuhglelolw| wr
wkh hyroxwlrqdu| dssurdfk wdnhq khuh1
Uhihuhqfhv
Ehuqdqnh/ E1/ dqg P1 Jhuwohu +4<<3,= ￿Ilqdqfldo iudjlolw| dqg hfrqrplf shuirupdqfh/￿ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ ss1 ;:￿4471
Eøujhuv/ W1/ dqg U1 Vdulq +4<<:,= ￿Ohduqlqj Wkurxjk Uhlqirufhphqw dqg Uhsolfdwru G|qdplfv/￿
Mrxuqdo ri Hfrqrplf Wkhru|/ ::/ 4￿471
Fdeudohv/ D1 +4<<6,= ￿Vwrfkdvwlf Uhsolfdwru G|qdplfv/￿ Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr1
Iulhgpdq/ G1 +4<<5,= ￿Hyroxwlrqdu| Jdphv lq Hfrqrplfv/￿ Hfrqrphwulfd/ 8</ 96:￿9991
46Lq Vhvvlrq 8e/ wkh vhvvlrq wkdw d frpsxwhu idloxuh vwrsshg plgzd|/ fuhglw dydlodelolw| dovr vkrzv wkh ehkdylru
wkdw wkh prgho zrxog kdyh suhglfwhg1
58Iulhgpdq/ G1 +4<<9,= ￿Htxloleulxp lq Hyroxwlrqdu| Jdphv= Vrph H{shulphqwdo Uhvxowv/￿ Hfr0
qrplf Mrxuqdo/ 439/ 4￿581
Iulhgpdq/ G1/ dqg V1 Vxqghu +4<<7,= H{shulphqwdo Phwkrgv1 Fdpeulgjh Xqlyhuvlw| Suhvv1
Kriedxhu/ V1/ dqg N1 Vljpxqg +4<;;,= Wkh Wkhru| ri Hyroxwlrq dqg G|qdplfdo V|vwhpv1 Fdp0
eulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
Nl|rwdnl/ Q1/ dqg M1 Prruh +4<<:,= ￿Fuhglw F|fohv/￿ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 438/ 544￿57;1
Ulw}ehujhu/ N1/ dqg M1 Zhlexoo +4<<8,= ￿Hyroxwlrqdu| Vhohfwlrq lq Qrupdo0Irup Jdphv/￿ Hfrqr0
phwulfd/ 96/ 46:4￿46<<1
Vdpxhovrq/ O1/ dqg M1 ]kdqj +4<<5,= ￿Hyroxwlrqdu| Vwdelolw| lq Dv|pphwulf Jdphv/￿ Mrxuqdo
ri Hfrqrplf Wkhru|/ 8:/ 696￿6<41
Vfkodj/ N1 +4<<;,= ￿Zk| Lplwdwh/ dqg Li vr/ KrzB D Erxqghg Udwlrqdo Dssurdfk wr Pxowl0
Duphg Edqglwv/￿ Mrxuqdo ri Hfrqrplf Wkhru|/ :;/ 463￿4891
Zhlexoo/ M1 +4<<8,= Hyroxwlrqdu| Jdph Wkhru|1 PLW Suhvv/ Fdpeulgjh/ Pdvv1
9D s s h q g l {
914 Surriv1
Ohppd 41 F lv qrw vwdeoh1
Surri1 Frqvlghu wkh vwdwh +4>3> a {2￿ ￿ ￿, +￿ ￿ 3,l qFdqg dq ￿0sursruwlrq ri pxwdqwv zkr sod|
QP dqg P lq sursruwlrqv ￿ dqg +4 ￿ ￿,/ uhvshfwlyho|1 Dw +4 ￿ ￿>￿￿> a {2￿ ￿ ￿,b { 2￿ A 3 iru doo
￿@+4￿￿, ?{ W
￿2/ g@gw+{￿￿@{￿￿, A 3 dqg b {￿2 ? 31D w+4￿￿>￿￿> a {2￿ .￿,/ g@gw+{￿￿@{￿￿, ? 3 iru doo
￿ 5 ^3>4‘1 THG
Ohppd 51 Iru dq| sd|r￿ prqrwrqlf g|qdplfv/ wkhi d f hGlv uh hfwlqj iru {2￿ ￿ a {2￿ dqg
devruehqw iru doo {2￿ ￿ {￿
2￿/ zlwk
a {2￿ @
u ￿ +Z ￿ f,







59Surri1 Iru dq| prqrwrqrxv g|qdplfv b {￿￿ A 3 +b {￿￿ ? 3,d wd o o{@+ ￿>{￿2>{ 2￿, zlwk {2￿ ￿ a {2￿
+{2￿ ￿ {￿
2￿, dqg ￿ 5 +3>4, vlqfh e| +f=4, dqg +f=5, VD lv wkh prvw +ohdvw, sur￿wdeoh vwudwhj| iru
doo {2￿ ? a {2￿ +{2￿ ￿ {￿
2￿,= THG
Surri wr sursrvlwlrq 41 +l, Ohw xv dvvxph wkdw wkh g|qdplfv ehorqj wr P￿ dqg wkdw wkh hfrqrp|
lv dw wkh pl{hg htxloleulxp1 Frqvlghu d shuwxuedwlrq lq w vxfk wkdw {+w, 5 I dqg {+w, 9@ {W1
Xqghu dq| g|qdplfv lq P￿ wkh v|vwhp zloo vzluo rxwzdugv dqg uhdfk d vwdwh zlwk {2￿ ￿ a {2￿1E |
ohppd 5/ b {￿￿ A 3 li VDkdsshqv wr eh sod|hg1 Lq wkh surfhvv ri fuhglw frqwudfwlrq wkh sursruwlrq
rq prqlwruhg ryhu qrq prqlwruhg ordqv lv lqfuhdvlqj/ g@gw+{￿￿@{￿2, A 3/ e| frqglwlrqv +f=4, dqg
+f=5, dqg prqrwrqlflw|1 D vwdwh lv uhdfkhg dw zklfk b {2￿ A 3/ e| prqrwrqlflw| dqg frqglwlrqv
+f=6, dqg +f=7,1 Wkh surfhvv ri fuhglw udwlrqlqj vorzv grzq dqg lv uhyhuwhg zkhq {2￿ A{ ￿
2￿/e |
ohppd 51 D vwdwh lq I lv uhdfkhg dqg d qhz fuhglw f|foh dulvhv diwhu d shulrg ri ixoo| ghyhorshg
fuhglw pdunhw1 +ll, Frqvlghu doo wkh vwdwhv {+3, 5 ￿ vxfk wkdw {+w, 5 I￿ @ i{ 5 I = {2￿ ￿ a {2￿j
iru vrph w ￿ 31 Dsso| wkh dujxphqw lq +l,1T H G
915 Sd|r pdwulfhv
Qxpehuv duh lq Ode xqlwv/ zklfk zloo eh frqyhuwhg/ diwhu hdfk vhvvlrq/ dw d ￿{hg h{fkdqjh udwh/
lqwr shvhwdv1
HV
VD 633/ 3 633/ 3
QP 873/ 4:3 4;3/ 4<3
P 7<3/ 4:3 573/ 0433
Sd|r￿v S4
HV
VD 633/ 3 633/ 3
QP 753/ 443 93/ 463
P 6:3/ 443 573/ 0433
Sd|r￿v S5
HV
VD 583/ 3 583/ 3
QP 873/ 4:3 4;3/ 573
P 693/ 4:3 563/ 473
Sd|r￿v S6
HV
VD 583/ 3 583/ 3
QP 798/ 466 438/ 535
P 5;8/ 466 563/ 0433
Sd|r￿v S7
5:HV
VD :3/ 83 :3/ 83
QP 453/ 433 3/ 583
P 433/ 433 83/ 3
Sd|r￿v S8
HV
VD 83/ 83 83/ 83
QP 473/ 458 3/ 583
P 433/ 453 68/ 3
Sd|r￿v S9
916 G|qdplfv ri fuhglw dqg hruw1
Lq wkh iroorzlqj ￿jxuhv zh sorw wkh g|qdplfv iru wrwdo fuhglw +￿￿ ,/ h￿ruw + BB ,/ htxloleulxp
ydoxhv +lq wkh pl{hg htxloleulxp, ri wrwdo fuhglw + ￿￿￿￿￿,dqg h￿ruw +￿￿￿￿,dqg wkh fulwlfdo
wkuhvkrog a {2￿ +￿￿￿￿￿ ￿ ,






Iljxuh ;= Vhvvlrq 4






Iljxuh <= Vhvvlrq 5






Iljxuh 43= Vhvvlrq 6






Iljxuh 44= Vhvvlrq 7






Iljxuh 45= Vhvvlrq 8






Iljxuh 46= Vhvvlrq 9






Iljxuh 47= Vhvvlrq :






Iljxuh 48= Vhvvlrq ;






Iljxuh 49= Vhvvlrq <






Iljxuh 4:= Vhvvlrq 43






Iljxuh 4;= Vhvvlrq 44






Iljxuh 4<= Vhvvlrq 45






Iljxuh 53= Vhvvlrq 46
65